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ABSTRACT 

The main aim of this paper is to associate to every 
cuspidal unipotent character of the Suzuki group its 
root of unity and to give a possible definition of the 
Fourier matrix associated to the family of the cuspidal 
unipotent characters of this group. We compute to 
this end the Shintani descents of Suzuki groups and 
use results of Digne and Michel. 

1 Introduction 

Let G be a connected reductive group defined over the finite field with q ele- 
ments and let F : G ^ G be a generalized Frobenius map. Let W be the Weyl 
group of G which respect to an F-stable maximal torus of G contained in an 
F-stable Borel subgroup of G. We denote by G^ the finite group of fixed points 
under F . For w € we have a corresponding generalized Deligne-Lusztig char- 
acter Rw of G''^. We denote by U{G^) the set of unipotent characters of G^, 
that is the irreducible constituent of the for w £W . In [9] Lusztig attached 
to every x G U[G^) a root of unity w^. In [7] he computes all such roots of 
unity corresponding to unipotent characters of finite reductive groups, except 
for some pairs of complex conjugate characters where a sign is missing. For 
example, if G''^ = Sz(2^"+^) (where n is a non-negative integer) is the Suzuki 
group with parameter 2^"+^ then G^ has two cuspidal unipotent complex con- 
jugate characters W and W of degree 2"(2^"+^ — 1); Lusztig's method only 
gives that uow = ^(— 1 ± -\/^). On the other hand, using the almost char- 
acters of G^, Lusztig has shown that the unipotent characters of G^ can be 
distributed in families. In [9] Lusztig associated to most of the families a matrix, 
the so-called Fourier matrix of the family. However the Suzuki and Ree groups 
do not have Fourier matrices in the Lusztig sense! On the other side. Geek and 
Malle have axiomatized Fourier matrices and give in [11] candidates for these 
groups. 
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The aim of this paper is to compute the roots of unity attached to the cusp- 
idal unipotent characters W and W of the Suzuki group with parameter 2^"+^ 
and to give a possible definition of the Fourier matrix associated to the fam- 
ily {W, W} with another approach as the one proposed by Geek and Malle. To 
this end, we compute the Shintani descents of the Suzuki group and use results 
of Digne-Michel [5]. 

Let n be a non-negative integer and let G be a simple group of type B2 
defined over F2. Let F be the generahzed Frobenius map such that is the 
Suzuki group with parameter 2^"+^ The finite group G^^ = 52(2^"+^) is the 
finite "untwisted" group of type B2 with parameter 2^"+^. 

This paper is organized as follows: in the first section, we recall some defi- 
nitions and generalities. In the second section, we explicitly compute the char- 
acter table of the finite group 62(2'^'^^^) x: (cr), where a is the restriction of F 
to i?2(2^"+^). The main result of this part is: 

Theorem 1.1 Let n be a non-negative integer. We set q = 2^"+^ and let a the 
exceptional graph automorphism of B2 {q) such that its fixed points subgroup is 
the Suzuki group with parameter q. Then the group -62(9) X (c) has {2q + 6) 
irreducible extensions 0/(5 + 3) irreducible a-stable characters of B2{q). The 
values of these extensions are given in Table 9. 

In the last section, we compute the Shintani descents of the Suzuki group 
with parameter 2^"+^. We then obtain two consequences on the unipotent 
characters of the Suzuki group: we first explicitly compute the root of unity 
associated to their unipotent characters and secondly we compute a Fourier 
matrix for the families of these groups. 

I wish to express my hearty thanks to Meinolf Geek for leading me to this 
work and for valuable discussions. 

2 Generalities 

2.1 Finite reductive groups 

Let G be a connected reductive group defined over the finite field with q = 
elements. Let F be a generalized Frobenius map over G. We recall that the 
finite subgroup G^ = {x e G | F{x) = x} is a so-cahed finite reductive group. 
Let H be an F-stable maximal torus of G contained in an F-stable Borel B 
of G. We set W = Ng(H)/H the Weyl group of G. The map F induces an 
automorphism of W (also denoted by F to simplify) . We denote by 6 the order 
of this automorphism. 

We fix w e and we define the corresponding Deligne-Lusztig variety by: 

= {a;B I x~'^F{x) e BwB}. 

We recall that for every positive integer i, we can associate a Q^-space to Xy,, 
the i-th £-adic cohomology space with compact support Hl{Xw,Qi) over the 
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algebraic closure Qf of the £-adic field (Here, £ is a prime not dividing q). The 
group G''^ acts on Xw This action induces a linear action on Q^). Thus 

these spaces are Q^G^-modules. We define the generafized Deligne-Lusztig 
character by: 

yg e G^, RUg) = ^(-ir Tr(5,if^(X^,Q,)). 

i>0 

The set of irreducible characters of G-*^ is denoted by Irr(G-^) and we denote 
by ( ) the usual scalar product on the space C(G-^) of the Q^-valued class 
functions of G^. We define the set U(G^) of unipotent characters of G^ by: 

U{G^) = {x G Irr(G^) \ 3w e W, (E^,x)g- ^ 0}. 

2.1.1 The root of a unipotent character 

The group ( ) acts on ■ This action induces a linear endomorphism 
on Hl{Xyj,Q^). We also fix an eigenvalue A of on if*(X„,,Q^) and we 
denote by its generalized eigenspace. The actions of G^ and of {F^) 
on Hl{Xyj, Q^) commute, thus Fx,i is a Q^G-'^-module. Moreover the irreducible 
constituents which occur in the character associated to this Q^G^-module are 
unipotent characters of G''^. Now let x € L({G^). Then there exists w € W, 
A G and i gN such that x occurs in the character associated to F\^i. Lusztig 
has shown that A, up to a power of q^^"^ , is a root of unity which depends only 
on X (denoted by lo^). Thus there exists s G N such that A = iOyXfl"^ (see [5]). 

2.1.2 Fourier matrices 

We assume that 8 ^ \. We recall that (F) acts on Irr(M^). More precisely 
if p G Irr(W), we define by p^{'w) = p{F{w)) for every w G W. Let p G 
Irr(W) such that p^ = p, i.e., the inertial group of p in x {F) is x {F). 
It follows that p has extensions to W yt (F). Let p be such an extension; we 
define the almost character associated to p by: 

where the elements of W 'x {F) are denoted by (w, x) for every w G W and x G 
{F}. Let X, x' G 14{G^ ). The characters x s-nd x' in the same family if 
and only if there exists {Xi)i=i,...,m, where Xi G U{G^) such that: 

• We have Xi = X and Xm = x' , 

• For every 2 < i < m — 1, there exists an F-stable character pi e Irr(VF) 
such that 

{XuT^Pi )gf 7^ and (xi+n^w )g^- 7^ 0. 
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Let T be a family of unipotent characters of G''^ obtained in this way. Except 
in the cases where is a Suzuki group or a Ree group of type Gi or F4, 
Lusztig has shown that we can associate a matrix to T . We refer to [9] for 
details. In the case where G^ is a Suzuki group or a Ree group, Geek and Malle 
proposed in [11] candidates for Fourier matrices of these groups in agreement 
with a general axiomatization of Fourier matrices that they developed. 

2.1.3 Shintani descents 

We recall that the Lang map associated to a generaHzed Frobenius map F is 
the map Lp : G ^ G,a; x~^F{x). Since G^ is a finite f -stable subgroup 
and F is an automorphism of the abstract group G, it follows that F restricts 
to an automorphism of G''^ , also denoted by F . The maps F and F^ have 
Lang's property, that is, their associated Lang maps are surjective (see [10] 
Th. 4.1.12). Using this fact, we can estabhsh a correspondence Np/p2 be- 
tween G''^ and G-'^ xi ( F ) , the so-called Shintani correspondence. More pre- 
cisely, let g E G^; by the surjectivity of the Lang map Lps , there exists x G G 
such that g = Lps{x). Therefore we have {Lp{x~^),F) G G^* x (^)- This 
correspondence induces a bijection between the conjugacy classes of G^ and the 
conjugacy classes of G^ '^^ (F) which consist of elements of the form {g,F), 
with g G G^ . Moreover, we have: 

V^eG^, \C^,e^^p^{Np/ps{g))\=5\CGH9)\. (1) 

Using this correspondence, we can associate a class function of G^ to every 
class function of G^ x (F). Indeed let ?A e C(G^ x {F)); we then define 
the Shintani descent of ip hy Shps / p ip = ijj o Np/ps . We refer to [5] for further 
details. 

2.1.4 The link between Shintani descents, Roots and Fourier matri- 
ces 

The set of the irreducible constituents of Indg^a lg^-« is the so-called princi- 
pal series of G^''. There exists a 1-1 correspondence between the irreducible 
characters of W and the characters of the principal series of G^ (see [4]). 
Let p G Irr(W), then we denote by Xp its corresponding character. Similarly 
Malle has shown that there is a 1-1 correspondence between Irr(W x (F)) and 

the irreducible components of Ind^^j ^{^) i^^^ ^ow assume that p = , 
therefore p has irreducible extensions m W ys (F). We fix such an extension p 
and we denote by Xp the corresponding character. Then Xp is an extension ofxp 
to G^' yi{F). We have: 

Theorem 2.1 (Digne-Michel [5]) Let p G Irr(W) such that p^ = p. Let p G 
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Irr(H^ XI (F)) be an extension of p. Then we have: 

Remark 2.1 The Theorem is proved in [5] in the case where F is a Frobenius 
map. But the arguments are the same when F is a generalized Frobenius map. 

We now recall some conjectures of Digne and Michel (see [5]): 

Conjecture 2.1 Let x G U{Galg^ ) such that = X- Let x be an extension 
ofxtoG^'y\{F). Then: 

1. The irreducible constituents of'Shpsipx o-^^ unipotent characters of 
and lie in the same family 

2. There exists a root of unity u such that 

^uSh-ps /px = X^ ayojvV. 

In this case, the coefficients ay give (up to a sign) a row of the Fourier 
matrix associated to the family T . 



2.2 Suzuki groups 



Let G be a simple group of type B2 defined over F2. The root system of G 
is $ = {—a, —5, —a — b, —2a — 6, a, 5, + 6, 2a + 6}, where 11 = {a, 6} is chosen as 
a fundamental root system. We denote by = {a, b,a + b,2a + b} the set of 
positive roots with respect to 11. The Weyl group of G is the dihedral group 
with 8 elements. We denote by Xr{t) (r e $, f e F2) the Chevalley generators. 
It is convenient to identify G with the symplectic group of dimension 4 over the 
algebraic closure of F2 defined by: 



Sp4(F2) = {Ag M4(F2) I ^AJA = J}, where J 



1 
10 
10 
10 



Representing matrices for the Chevalley generators arc, for every i G F2: 



1 i 

10 

1 f 

1 



Xb{t) 



10 

1 i 

10 

1 



Xa+b{t) = 



1 t 

1 t 

10 

1 



X2a+b{t) = 



loot 

10 
10 
1 
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Moreover, we have X-r{t) = *Xr{t). We denote by H = {h{zi, z-i) \ zi, Z2 G F2} 
the subgroup of diagonal matrices of G and we set N = Ng(H). Then for the 
elements and rib of N we have the representing matrices 



10 

10 
1 
10 



and Hb 



10 
10 
10 
1 



We recall the Chevalley relations of G; for every u, v, zi, Z2 G F2, we have: 



Xa+b{u)X2a+biv) 

h{zi, Z2)Xa{u)h{zi, Z2)~'^ 
h{zi,Z2)Xb{u)h{zi,Z2)~^ 
h{zi,Z2)Xa+b{u)h{zi, Z2)~'^ 
h{zi, Z2)x2a+b{u)h{zi, Z2)~'^ 

nah{zi,Z2)n~^ 
nbh{zi,Z2)n^^ 



Xb{v)Xa{u)Xa+b{uv)x2a+b{u'^v) 

X2a+b{v)Xa+b{u) 

XaiziUZ2^) 

Xb{zlu) 

Xa+b{ziUZ2) 
X2a+b{ziu) 
h{Z2,Zi) 
h{zi,Z2'^) 



(2) 



Let n be a positive integer. We define F2n to be the Frobenius map with param- 
eter 2" of G, hence it raises the coefficients of a matrix to their 2"-th powers. 
The group G has a graph endomorphism a described in Proposition 12.3.3 of [3]. 
It is given on generators by: 



a{xa (t)) 
a{xb{t)) 
a{xa+b{t)) 

a{X2a+b{t)) 

a{h{zi,Z2)) 

a{na) 

a{nb) 



Xb{t^) 
Xait) 
X2a+b{t'^) 
Xa+b{t) 

h{ZiZ2,ZiZ2~^) 
Ub 

ria 



We fix n a positive integer and we set 6* = 2" and q = 26*^. We define the map: 

F = Fg o a. 

Since F^ = Fg, it follows that F is a generahzed Frobenius map of G. The 
automorphism of W induced by F has order 2 (that is 5 = 2 with the preceding 
notations). The finite subgroup G^ is the Suzuki group with parameter q. 
Using [13], this group is the same as the one studied in [14]. Moreover we 
have G^ = G^" = Sp4(F,). This is a finite "untwisted" group of type B2 
with parameter q. Wc denote by B the Borcl subgroup of the upper triangular 
matrices of G and we set U to be the unipotent radical of B. The groups H, U 
and B are F^-stable. We then define = H^', U = U^' and B = B^\ We 
denote by a the restriction of F to . In the fohowing we set G-'^ = Sz{q) 
and G^ = G, and we remark that 



G" = Sz(g). 
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Now the aim is to obtain results about the unipotcnt characters of Sz(g) by 
using Shintani descents between G xi (a) and Sz(g). Before we do this we must 
compute the irreducible characters of G x {a). 

3 The irreducible characters of 52(q) x ( <7 ). 

We use the notation of the preceding section. In this section we want to compute 
the irreducible characters of the extension G = G x (cr). This group is an 
extension by an automorphism of G of order 2. For generalities on character 
tables of extensions by an automorphism of order 2 we refer to [2]§1. We recall 
sornc definitions and general properties. The group G is a normal subgroup 
of G. Thus a conjugacy class of G is either contained in G or it has no element 
in G. A class in the first case is called an inner class and it is called an outer 
class in the second case. A character ij.) of G is called an outer character if 
there exists an outer element {g,a) such that ^{g,a) ^ 0. We denote by e the 
Hnear characte£ of G with kernel G. Clifford theory shows that the irreducible 
characters of G can be parameterized by the irreducible characters of G as 

follows: let x G Ii'i'(G'), then either x'^ 7^ X and Ind^ x ^ Iri'(G'), or x'^ = X 
and X has two extensions in G which differ up to multiphcation by £. Since 
the values of extensions on (1,<t) are integers, in the case where this value is 
non-zero, we denote by x the extension of x such that x(l) c) > 0- 

3.1 The outer classes of ^2(9) xi (o^) 

The Suzuki group Sz{q) has three maximal tori that are cyclic groups: (ttq), 
(tti ) and {n2 ) of order (g— 1), {q+29+1) and {q—29+1), respectively (see [14]). 
We denote by Eq (resp. Ei and E2) the set of non-zero classes modulo the 
equivalence relation ~ on Z/{q-l)Z (resp. Z/{q + 29+l)Z and Z/{q-2e + l)Z) 
defined by j ~ i <J=4> j = ±i mod {q — 1) (resp. j = ±i, ±qi mod {q + 26+1) 
and j = ±i, ±qi mod {q — 29 + 1)). We put: 

E = {4, Tr{, 4 I i e £^0, j eEi,ke E2}. 

The conjugacy classes of G are recalled in Table 10 of the appendix. To simplify 
notation, we denote 0:^(1) by Xr, where r € We have: 

Theorem 3.1 Let n a non-negative integer. We put 9 = 2" and q = 29^. 

Let G = B2{q) and a the exceptional automorphism of G that defines Sz{q). 
Then the group G = B2{q) x (cr) has {q + 3) outer classes. The set 

{(1, a), {Xa, cr), {Xa+b, cr), {XaXa+b, cr), (tt, cr); TT € E} 
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is a system of representatives of the outer classes of G. Moreover, we have: 

|Cg(l,C7)| = 2q^q-l){q^ + l), 

\CQ{xa,a)\ = 4g, 

\C^{XaXa+b,0-)\ = Aq, 

CgK'^) = (7ro)x(c7), 

CgW,(t) = (7ri)x((T), 

Cg(7r^,(T) = (7r2)x(CT). 

Proof — The Suzuki group with parameter q has {q + 3) conjugacy classes 
(see [14]). Using the Shintani correspondence, it follows that G has ((7 + 3) outer 
classes. Using Table 10, we see that the elements of E are not conjugate in G. 
Let X be in E. Since cr{x) = x, we have: 

G^{x)=CG{x)xi{a). 

Moreover, Cg{x) has odd order, hence | Cg(a;)|2 = 2. Thus 0^(2;) has a unique 
class that consists of elements of order 2. We choose (I.ct) as a representative 
of this class. Using the 2- Jordan decomposition of G (see [2] Lemma 3.1), it 
follows that the elemnts of {{x,a) \ x € E} are not conjugate in G. Moreover 
the group Coix) is abclian. Using Lemma 3.2 in [2] and the fact that Cg{x)'^ fl 
( (1, cr) ) = {1}, we deduce that: 

C^,{x,a)^CGixr X ((l,a)). 
Furthermore €0(2;)'^ = Csz(q)(a;). In [14] Prop. 16 it is proven that for ev- 
ery i e £^0, j e El and k G E2, we have Csz(g)(7ro) = (ttq ), Csz(g)(7r^) =^(^1 ) 
and Csz(g)(7'"2) = (''■2 ). Thus we obtain {q — 1) distinct outer classes of G. 

Now we prove that (l- o-), (xajCr), (.x„+b,(T) and {xaXa+i,- o-) arc not conju- 
gate in G. They are of order 2, 8, 4 and 8 respectively. It then suffices to 
prove that {xa,(j) and (aJaXa+b, cr) are not conjugate in G. Furthermore us- 
ing the Bruhat decomposition of G, we can show that two elements in (U, a) 
are conjugate in G if and only if they are conjugate by an element of B. 
Suppose there exists b = uh G B such that {b,l){xa,cr) = {xaXa+b,(^){b,l), 
that is bxa = XaXa+bcy{b)- Let 21, Z2 & such that h = h{zi,Z2) and we 
set Zo = Z\l Z2- Then uhxa = uxa{za)h. Moreover: 

UXa{zo) = Xa{ta)xb{tb)Xa+b{ta+b)X2a+b{t2a+b)Xa{zo) 

= Xa{ta + Zo)Xbitb)Xa+b{ta+b + Zotb)X2a+b{t2a+b + ^0*fe)> 
XaXa+b(T{u) = a;a(l + iD.Tfe(tf ).Ta+fa(l + (, + if ) 

/j-20 I j-20j-26l\ 
X2a+h(t„+f,+ta h )■ 

By the uniqueness of the decomposition of the elements of B, we deduce that 
a{h) = h and 

' ta+Zo = tl + 1 

tf = tb 

Zotb+ta+b = tfift+tL+b + l 
^_ ZQtb + t2a+b — lo ^6 + ^a+b- 
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Then we obtain zq = 1 and zi = Z2. Furthermore since (j{h) = h we obtain zi = 
Z2 = 1. It fohows that h = 1. Now we deduce from these relations that tl+tb + 
1 = and that tf^ +tb + l = 0. Thus = tf and tf, is a root of X'^ + X, that 
is e {0, 1}. We then obtain a contradiction in the relation tl+tb + 1 = 0. 
Therefore {xa,(T) and {xaXa+bi(^) are not conjugate in G. 

We now compute the centralizer in G of these elements. First we remark 
that Cg((T) = Sz(g) X (cr). Now let x G {Xa,Xa+b,X2a+b}- We therefore 
have I Cg(a;,(T)| = 2\{g e G \ gxa{g^^) = a;}|. Using the Bruhat decomposition 
and a similar calculation as above, we prove that {g & G \ gxa{g~^) = x} CU. 

• The Chevalley relations give 

f - 



^2a+b + ^a^^b " + ta+b 
Wb + *a *6 = tb + t2a+b 



It follows that tb € {0, 1}. In both cases the number of solutions is 

\{{t2a+b,ta+b) I tla+b = ta+b}\ = 9- 

Finally we have: | Cg(a:o,cr)| = | Cg(a;aa;a+6, cr)| = Aq. 
We have 

{g &G \ gxa+bcr{9~^) = Xa+b] = {ueU \ a(u) =u} = Ur\ Sz{q). 
Furthermore \U fl Sz(g)| = q'^. We thus deduce that | Cg(a;a+fe, cr)| = 2q'^. 

□ 



3.2 The cr-stable characters of -82(9) 

In Table 11 of the appendix we recall the values of the irreducible characters 
of -82(9) that we need in this work. We have: 

Proposition 3.1 The group -82(9) has (q + 3) a-stable irreducible characters: 

• The a-stable unipotent characters Iq, Oi, O4 and 6*5 of degree respec- 
tively 1, ^q{q-\-l)'^, q^ and \q{q— 1)^. 

• The\{q-2) characters Xi{i, {20 - i G Eq of degree {q -\- 1)'^ {q^ -\- 1) . 
We denote these characters by XttoC^)- 

• The j{q + 29) characters X5((g -29 + j e Ei of degree [q^ - 1)^, 
denoted by XttiO)- 

• The l{q - 26) characters X5{{q + 29 + l)k), k € E2 of degree {q^ - 1)^, 
denoted by Xv-i{k)- 
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3.3 Irreducible characters obtained by induction from Bxi 

The group B is cr-stablo, thus B = B>}{a) C G. We now induce some characters 
of 5 to G which permit to obtain the outer values of Xvo{i) G Eq) and of 64. 
Let 70 the primitive {q — l)-th root of unity given in Table 11. We define the 
primitive {q — l)-th root of unity sq = 7o^ and we set £o(''"o) — ^0 + ^0 



Proposition 3.2 We have: 









{Xa+h,0-) 


{XaXa+b,Cr) 






(7^2, f^) 






1 


1 


1 












9^ 











1 


-1 


-1 



Proof — We have U <B and we denote hy '■ B ^ B/U the canonical map. 
Let 4> G Irr(B/{7); then (poiru is an irreducible character of B. We have ~ 
H >} (a). Wo now construct outer characters of iJ x: (a) . Since ~ x , 
it follows that the irreducible characters of H arc: 



The a-stable irreducible characters of H are (l>i,{2e-i)i (* ^ {l,...,g — 1}). 
Using [2] Lemma 3.5, we construct {q — 2) linear characters of H x {a) defined 

by (pi{h, x) = 4>i^{2e-i)i{h), where x G {1, cr}. We write (f>. = ipi o ttu; we thus 

obtain (g — 2) linear characters of B. Moreover B has (g + 2) outer classes, 
which are (770,0-) (l G {l,(g-2)}) and (1,0-), {xa,cr), (xa+b^cr) and {xaXa+b,cr)- 
It is then easy to compute the values of Moreover using the Mackey 

formula, it follows that Ind~ (p- g is an irreducible extension of x,ro(*)- To obtain 
the outer values of these characters, wc will induce (j)^ ^ from B to G. To 
this end, we give the corresponding induction formula. Except for (1,0-), the 
centralizers of the outer elements of B are the same as their centraHzers in G. 
We have C^{l,a) = {Sz{q)nB,a) = B'^ x {a) of order 2q'^{q-l) and 

Clg(7ro,c7) nB = Glg{Tro,a) LI Cl^iiTQ^ ,a). 



This permits to obtain the induction formula from B to G given in the following 
table: 







(.'/•a, cr) 


(xa+b, cr) 


{XaXa+b,(r) 


(7ro,o-) 


lnd|0 


(g2 + l)0(l,a) 


(t>{Xa,<7) 






0(7ro,<7) + (p{nQ^,a) 



Using this formula, we compute the values of XttoC*)- 
We have: 

(IndglB,lG)G = 1 {Indole, 0i)g = 2 
(Indg 15,^4)0 = 1 (Indg 15,^5)0 = 
(IndglB,x)G =0 Vx = x'' such that x 7^ 1, ^4, ^1, ^5- 
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9^(5 + 1)0(1) 




9^(0-0) 


Aa2 


(Z((/.(po) + </'(Po')) 


TTO 


(9 - 1)0(7I"O) 


TTl 


(g-r + l)(A(7ri) 


7r2 


{q + r + l)(j){iT2) 





Ind~ , , 6 

Sz(q) ^ 


(^0,cr) 






(/.(l,a) + (g-l)(g2 + l)<^(ao,a) 







(Xa+bjCr) 




(a:aa;Q+6, cr) 





(7ri,cr) 


(j){TTi,a) 


(7I"2,0-) 


(I){n2,a) 



Table 1: Induction formula from Sz{q) to G. 



We have ReSQ(Ind~ 1^^) = Ind^ 1b and write ^ for the constituent of Ind~ 1 



B 

which is an extension of 6\. Since (Ind^ 1b, ^1 )g = 2, it follows that ^ occurs 
if 



in Indp 1^ with multiplicity 1 or 2. If this multiplicity is 2, then 



(Ind|l5,Ind| lij)G>6. 

But a direct calculation gives (Ind~ Ig, Ind^ ^3)0 = 5- Thus it follows that ^ + 

£^ is a constituent of Ind^ 1^. Decomposing the character Ind^(ljj) — lg—^—e^, 
we find an irreducible extension of 6i. We use the preceding induction formula 
to compute its values. 

□ 



3.4 Irreducible characters obtained by induction from 

Sz(g)x(a) 

Let po = XaXa+b G Sz{q) and ctq = Xa+bX2a+b G Sz{q). Let To be the com- 
plex primitive root of order q^ + 1 which appears in the character table of G. 

Wc recall that {1, a^, po, Po^ -.T^Q'-i G Eo,nl;j € Ei,iT2',k G i?2} is a system 

of representatives of the classes of Sz{q) (sec [14]). Wc put ei = rjf 
and £2 = tq'^^^^^^ . The character Table of Sz{q) is computed in [14] and 
reprinted in the appendix for the convenience of the reader. Since Sz{q) is the 
subgroup of fixed points under a, it follows that Sz{q) = Sz{q) x (cr) C G. 
Thus the classes and the character table of Sz(q) are directly obtained using 
the classes and the character table of Sz{q). We give the induction formula 
from Sz{q) to G in Table 1. Let </> G Irr(Sz(g)); to simplify we denote by the 
same symbol its induced character of G. 
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A32 


^42 


Indi;(,) St 

Indg,(g) 
Indf,(,) 
Indg,(,) Zfc 
Ind£(,) W 






-q\e + i) 
-q^e 


2q 



2? 

-2g 








TTl 


7r2 


Indf,(,) 1 
Ind£(,) St 
Indf.f,) X. 
Indf.f,) y, 
Indf.fq) Zfc 
Indf.t,) W 


q-l 

{q-l){ehno) 










-(g-e + l)e{(7ri) 


g-e + l 


g + e + l 





-(g + 6l + l)e^(7r2) 



Table 2: Values of the induced character of Sz(g'). 



Proposition 3.3 We set e[,(7r^) = e% + ep e'i(^i) = + '^i ^' + '^i''^ + s^^'''' 
and £2('''2) = + ^2^*^' + ^2'"^ + ^2^'^'^ ■ Tables 2 and 3, we give the values of 
the induced characters from Sz(g) to G. 

Let be a generahzed character of G. We recah that we can associate to ij) 
its (T-reduction p(V'), which is a character of G such that p{'ip){g,a) = il)[g,a) 
(for every g E G) and the irreducible constituents of p{ijj) are outer characters 
of G. We refer to [2] §3.2.1 for details. We now define: 

Xo = pi Tsz(g) -Iq-^^- ^Xno{i)\ , 

\ iG-Eo / 

Wo = p(£M?-^(Ts,(g)-lg)). 
Proposition 3.4 For every k G Ei (resp. k € E2), there exists an extension V'fe 
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(a;a+b,a) 


(7^0,0-) 


(7ri,o-) 


(7^2, 0-) 


lsz(5) 




-1) 






1 


1 


1 


St 











1 


-1 


-1 




9(9' + 1) 








4(7ro) 












- - 


-1)) 


-9 












(9-l)(9 




+ 1)) 


-9 








-4(772) 






-1) 










1 


-1 



Table 3: Outer values of the induced characters of Sz(g) 
(resp. i>'^,) ofxmik) (resp. X7T2{k)) such that: 

keEi keE2 

Wo = ^^fc- Y^i^'k- 



We give the values of Xq and Wq in the following table: 









{Xa+b,cr) 


{XaXa+b,0-) 


{no, a) 


{ni,a) 


{n2,a) 




q{q - 1)V2 


-q/2 


q/2 


-q/2 





1 


1 


Wo 


-9{q-l) 


9 


-%-l) 


9 





-1 


1 



Proof — By computing the scalar products of Isz(g) with the irreducible 

characters obtained in Prop. 3.2, we deduce that Isz(g) — Ig — ^4 — J^i^Eq X^o (*) 
is a character. Furthermore, we have 

(Ind^z(g)(lSz(g)),6'l)G = (Ind^^(g) (Isz(g) ), 6I5) G = 
(Indf^(g)(lSz(g)),X7ri(fc))G = (Ind£,(,) (Isz(g)), X7r2 (fc))G = 1- 

This proves that Xq is exactly the summand of one extension of x-ki (k) (denoted 
by ipk) and one extension of Xir2(^) (denoted by V4)- "^ow we compute the 
scalar products of W with the known irreducible characters of G. Thus W — 
6{64S + X^X7ro(^)^) is a character of G and we denote by G its cr-reduction. 
We compute tha,t (ResgW,6li)G = (ResgVV, 6*5)0 = 0, {Res$W,XnAk))G = 
9 — 1 and (Rcs^ W, X7r2 (fc))G = 6* + 1. Since Xq and W have no common 
constituents (because ( Xq, W )g = 0) we deduce that Q = {0 — 1) ^^^Ei V'feS + 



13 



SfeeBa ^fe^- remark that Wq — Qe — 6Xq and deduce that 

W^o = E - E ^'^^ 

For every j € Ei and k € E2, we put (^^ = p(Yj — Yi) and = p{Zk — Z\). 
Proposition 3.5 Using the preceding notation we have: 

eX7r2(l) = 



□ 



q-20 

Consequently we deduce that: 










{Xa+b,cr) 


{XaXa+b, Cr) 


(7I"1,Ct) 


(7I"2, cr) 




(9- 


l)(g-2^ + l) 


-1 


29- 1 


-1 


-^i(Tl) 







(9- 


l){q + 29 + l) 


-1 


-26*- 1 


-1 





-£2(7^2) 



Proof — We have ( ResG(</?j), Xtti (j) )g = -1 and ( ResG(</?j)^X7ri (1) )g = 1- 
Moreover for every other cr-stable character x of G we have ( ResQ((^), % )g = 0. 
This yields ResQ{(pj) = X7ri(l) — XttiO)- We similarly prove that Resg(-!9fe) = 
X7r2(l)— Xw2(fc)- We denote by 6j (resp. 9ij) the extension of XwiO) (resp. Xiri(l)); 
which is an irreducible component of ipj. In particular we have ipj = 9ij — 9j. 
First we prove that 9ij is independent of j. Indeed, we immediately compute 
that {ipj — ip2, — ^2) Q = 2 (where j > 3). Furthermore we have ipj — <^2 = 

62 — 9j + 61 J — ^1,2- Moreover since ResQ{ipj — (^2) = X^i (2) — Xtti (i)) the char- 
acters 92 and 9j are constituents of (pj — ip2- Since ipj — ip2 has two constituents, 
it follows that 9\j — 9\^2 = 0, i.e., 



V j > 2 9 



71,2- 



We denote by this common constituent. Wc compute that ((^,;,Xo)q = 0. 
Also, if 9i = ipi then for every j > 2, we have 9j = Tpj. Indeed, if this is not 
the case we have {ipi,Xt))Q = 1^0. With a similar argument we prove that 
if ^1 = eipi then for every j > 2, we obtain 9j = etpj. Insummary we have: 

9j = i)j yjGEi 
or 

9j = ^js WjGEi 
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Moreover 



/er, 



Thus 



q + 2e \^^^ ' ^ ^ 
We immediately deduce from Proposition 3.4 that 



Hence we have, 



j^i jeEi 
ition 3.4 that, 

jeEi 

Y,Oj = ^(Xo-Wo) 

ieEi 

or 

E^^ = ^(^o-M^o)e 



We set 



/i = 



/2 = 



q + 29 



q + 2e 



Either /i or /2 is an irreducible character of G. But /i (tti , crj is not an alg 
integer. Thus /i is not a character. It follows that /2 = eV'i- We similarly 



that 



a) is not an algebraic 
prove 



261 



Since we have ■i/^'j = S(j)j, we immediately deduce the values of ipj using the 
relation ipj = ipi — sipj. Similarly we compute the values of ' " 

relation ■^^ = ■i/)^ — ei}k- 



ip'p. using the 
□ 



The induced characters of Sz(g) are not sufHcient to obtain the outer values 
of the extensions of 9\ and 6^. However decomposing Yi we obtain: 

Lemma 3.1 The outer values of 9i + 9^ 



are: 







(.XV, (t) 


{Xa + b, 0-) 


{XaXa+b, 0-) 


(i"o,o-) 




(l"2,cr) 


61 + 65 


2e{q - 1) 





-29 








2 


-2 
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3.5 The outer values of 9i and 65 

Let Uq = {xa){xi,)Xa+bX2a+b Q U. Since Uq is cr-stablc, wc have Uq = 
Uq >3 {(t) C S. We recall that the irreducible characters of B are given on 
p. 87 of [6]. We use the same notation. Let 6*3(1) be the irreducible character 
of B of degree ^q{q — 1)^. Using the character tables of G and B we deduce 

that Rcsg (95 = 6*3(1). Thus Rcs| 6*5 = ^3(1). Wc now construct ^3(1) using Uo- 
We set A : Fq — i- {-1,1}, such that A(x) = 1 if + X + a; has a root 
in ¥g and \(x) =- —1 otherwise. Let fc, Z e {0, 1} and define the linear charac- 
ter A(fc, /) of C/o on the generators by A(fc,Z)(a^o) = (-1)'°, A(fc,/)(a;6) = (-1)' 
and \{k,l){xa+b{u)xia+b(v)) = \{u + v). 

Lemma 3.2 The characters X{0,0) and X{1,1) are a -stable. 

Proof — Since \{v) = 1 if and only if X{v^) = 1 and since X{v) = — 1 if and 
only if X{v^) = —1, it follows that 

X{k,iy{Xa+b{u)X2a+b{v)) = X{k, l){Xa+b{u)X2a+b{v)) ■ 

We remark that if {k,l) € {(0, 0), (1, 1)}, then the map has the same values 
on Xa and Xb- Thus A(0,0) and A(l, 1) are cr-stable. 

□ 

Using [2] Lemma 3.5 the characters A(0,0) and A(l, 1) can be extend to Uq and 
we thus obtain A(0,0) and A(l, 1). 

Proposition 3.6 The conjugacy classes ofUo (resp. oJUq) are given in Table 4 
(resp. in Table 5). In tables 6 and 7, we give the induction formula ofUo to B. 

Proof — We remark that Kei X = {t + t'^ \ t e F^}. Thus using [6] and the 
Chevahey relations, we obtain the fusion of classes. The result then follows. 

□ 

Lemma 3.3 The values o/Ind~^ A(l,l) are given in Table 8. 

Proof — It suffices to use Proposition 3.6 and the relation X{t) = 0. 

□ 

Lemma 3.4 There exists an extension ^ 0/6*3(1) such that 
Ind| A(l, l) = \{q + 29)^ +\{q- 26)^5. 

Proof — We set x = I'^'^fo ^(1' Using the character table of B (see [6] p. 87) 
we prove that (Resf X) ^3(1))b = ^q- Thus there exist an extension ^ of ^3(1), 
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Representatives 


Number 


1 CuAx)\ 




± 


1 








1 






Xb 


1 






Xa+b{u) 


0-1 








q-1 


4o2 




X(xXb 


1 






Xa+b{u)X2a+b{v) 


(9-1)^ 


4^2 




XaXa+b{u) 


q-1 


2q' 




XbXa+b{u) 


q-1 


2q' 


v^O,l 


XaX2a+b{v) 


q-2 


2q' 




XbX2a+b{v) 


q-2 


2g2 




XaXbXa+b{u) 


q-1 






XaXbXa+b{v) 


q-2 






XaXa+b{u)bx2a+b{v) 


1(9-2)2 


2g2 


u,v ^ 0,1 


XbXa+b{u)bx2a+b{v) 


Uq-^r 
tiq-^r 


2g2 


u,v ^0,1 


XaXbXa+b{u)bX2a+b{v) 


2g2 



Table 4: Conjugacy classes of i7o- 



Representatives 


Number 






1 


Aq 


{XaXa+b{u),<j) 


q 


Aq 


uj^O {xa+b{u),a) 


q-1 


4g 



Table 5: Outer classes of Uq. 



integers n and where n > n^, such that n + = ^q and X = "-C + "^e^S- 
We have %£ = "-sC + "•C^- We deduce that X~ — ^£)(C ~ C^)- It follows 
that (x - xe, X - Xe)^ = 2(n - Ue)"^. Furthermore, since (x - X£> X - Xe)^ = 1 
we get 2(n — ne)^ = 20^ and hence (n — n^)^ = This yields n — = 6. 
Solving the system 

( n + Ue = ^q 
\ n — ris = 

we find n = \{q + 26) and = \{q - 26). 

□ 

Lemma 3.5 The outer values of 6^{1) are: 







{Xa,CT) 


{Xa+b, cr) 


{XaXa+b,<j) 




^3(1) 


e{q-i) 


-6 


-6 


6 
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Proof — Using Lemma 3.4, we compute the values of ^. For example to 
compute ^(l,cr) we set ^(l,cr) = a. Then we have: 

^{q + 2e)a-\iq-2e)a=lq{q-l), 

and we deduce a = 6{q — 1). Moreover, since ^(1, cr) > 0, it follows that ^3(1) = 

_ □ 

Wenowset (?i = Res|(^i + ^5)- We have ^3(1) )s = 1 and (0, £613(1) )g =0. 
Moreover Res - 65 is an extension of ^3(1). Thus Res- ^5 = ^3(1) and Res- 61 = 

^3(1). We then obtain the values of ^5 and 0i on (ttq, a), (1, a), {xa, (t), (xa+b, f) 
and {xaXa+b, f ). This leaves us with the values of ^1 and 0^ on (tti, a) and (772, a) 
which still need to be computed. 

Lemma 3.6 We have ^i(7ri, cr) = 05(771, a) = 1 and ^1(772, cr) = ^5(7r2, a) = —1. 

Proof — Setting a = ^i(7ri, cr) and /3 = ^5(7ri, cr) we have a + (3 = 2. The or- 
thogonality relations of the rows give jap + = 2. Since (tti, cr) and (tti, a)~^ 
are conjugate, it follows that a and /? are real numbers. Substituting /3 by 2 — a 
we see that a is a root of — 2X + 1 and therefore a = 1. It follows that (3 = 1. 
Similarly we have ^1(772, cr) = ^5(772, cr) = — 1. 

□ 

In particular through Lemmas 3.5 and 3.6 and Propositions 3.2 and 3.5 we 
obtain the character table of G. Thus Theorem 1.1 is proved. 

4 Shintani Descents 

In this section we use the results and notation of §2.1 and §2.2. Just recall 
that G is a simple group of type B2 and that F is the generalized Frobenius 
map such that = Sz{q) (where q = 2^"+^). Recall furthermore that S = 2. 
We will first give Shintani descents between G and Sz(g) and then obtain some 
results on the unipotent characters of Sz{q). 

4.1 Shintani correspondence 
Proposition 4.1 We have: 

• If n is odd, then Npjp'i G\{xaXbXa+b) = Cl(xa,cr). 

• If n is even, then Np^p2 Cl{xaXbXa+b) = C\{xaXa+b,cr)- 

Proof — We search for a g G G such that Xa = g^^F{g). To this end suppose 
there exist u,v,w,t € F2 such that g = Xa{u)xb{v)xa+b{'w)x2a+b(t) . Then using 
the Chevalley relations of G we immediately deduce: 

F{g) = Xa{v'^")Xb{u'^"'^')Xa+b{t'^" + v'^" U^"'^' )X2a+b{w'^""^' + V^"'^\'^""^'), 
gXa = Xa{u+l)Xb{v)Xa+b{w + v)X2a+b{t + v). 
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By uniqueness of this decomposition we obtain: 
u + 1 

V 

^2" _|_ ^2"y2"+l _|_ y; _|_ ^ 
W' +V'' +t + V 

V 

that is: 

' u+1 

V = 

t^'' +w + UV = 
. w^""^' + t + u'^v = 0. 

Suppose this system has a solution {u,v,w,t). Then we have: 

' ui + u + 1 = 

u9 + v + 1 = 

w'' + w + V = 

^ t'i + t + v = 0. 

Using these relations we find gF'^{g^^) = XaXbXa+b{u + v + I)x2a+biu'^ + v + 1). 
We now prove that this system has a solution. We write h G ¥2 for a root 
of + X + 1 and fc e F2 for a root of X"^ +X + and we prove by induction 
on m that: 

f /iS-" = /i + i if m odd 
\ /i^"" = /i if m is even 

and: 





= k 


if m = 





mod 4 




= k + h^ 


if m = 


1 


mod 4 


' k-- 


= k + 1 


if m = 


2 


mod 4 




= k + h 


if m = 


3 


mod 4. 



We now study each of these cases: 

• Suppose n = 1 mod 4. In this case n is odd. We set v = u = h 
and t = w = k. We get i^" + t + = and t^" + f + m^w 

I The element g = Xa{h)xb{h)xa+b{k)x2a+b{k) is a solution and we 
have gF'^{g~'^) = XaXbXa+b- 

• Suppose n = 3 mod 4. In this case n is odd. We set v = u = h 
and t = w = h + k. We obtain + w + uw = and + t + v?v = 
0. The element g = Xa{h)xb{h)xa+b{h + k)x2a+b{h + fc) is a solution 
and gF'^{g-^) = XaXbXa+b- 

• Suppose n = mod 4. In this case n is even. We set u = h, v = u + 1 , t = 
k and w = /c + 1. The element g = Xa{h)xb{h + l)xa+b{k + l)x2a+b{,k) is 
a solution and we have gF'^{g~^) = XaXbX2a+b- 



= u-' 
= 
= 
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• Suppose n = 2 mod 4. In this case n is even. We put u = h,v — u+l, t = 
k and w = k. Then the element g = Xa{h)xf,{h + l)xa+b{k)x2a+b{k) is a 
solution and we have gF'^[g~^) = XaXbX2a+b- 

Using the definition of the Shintani correspondence (see §2.1.3), the claim is 
proved. 

□ 



4.2 Shintani descents of unipotent characters 

Wc fix i a primitive fourth root of unity. We recall that po = XaXa+b and that St 
is the Steinberg character of Sz{q). We denote by W the cuspidal unipotent 
character of degree 9{q — 1) such that W{po) = Oi- We write Ig, 9\, O4 and 65 
for the extensions of the unipotent characters of G as above. 

Theorem 4.1 We have Shj'2/jrlg = Isz(g) O'lT'd Shp2/p9i = St. Setting Co = 
^{—1 — i) we have: 

• If n is even, then: 

Shpyp9j = -^W-^W 

ShpypO, = -^W-^^W 

• If n is odd, then: 

ShpypOj = -^W-fW 

ShpypO, = -^W-^W 

Proof — We say that a class of Sz(g) is of type TTj {i G {0,1,2}) if there 
exists some k £ Ei such that -k^ is a representative of the class. Similarly we 
say that a class of G is of type TTi (i G {0, 1,2}) if there exists some k e Ei 
such that {nf,a) is a representative of the class. Using Relation 1 in §2.1.3 
and Theorem 3.1, we see that the classes of Sz{q) of type ttq, tti and 712 are 
sent by Npjpi to classes of G of type (ttcct), (7ri,(T) and (7r2,cr) respectively. 
Since 1^, 9i, 94 and ^5 are constant on these classes, wc do not explicitly need 
to know the correspondence of these classes to compute the Shintani descents 
of these characters. Using a similar argument we obtain that Npfp2 Cl(l) = 
C1(1,C7) and Np/p2 Cl(a;a+6a;2a+6) = Gl{xa+b,(^)- We now use Proposition 4.1 

• Suppose that n is odd. Then we get 

Npfp2 C\{po) = Cl{xa, u) and Npip2 Cl(po ^) = C\{xaXa+b, cr)- 
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Using the values of outer characters obtained in Theorem 1.1 we have: 





1 


Po 


era 


Po ^ 


K 


ni 


^2 




1 




1 


1 


1 


1 


1 


1 


Shp2 jpOi 


9^ 













1 


-1 


-1 


Shp2 jpdx 


%- 


1) 


d 


-e 


-d 





1 


-1 


Shjr2/p. ^5 


%- 


1) 


-e 


-e 


e 





1 


-1 



This yields S]ip2^pl^ = 1 and Sh^2/j^6'4 = St. Moreover, using the 
character Table of Sz{q) we compute: 

( Shp2/p ^1, 1 )sz = ( Shj.2/^ 05, 1 )sz = 

(Sh^2/^£i,St)sz = (Shj^2/^05,St)sz = 

{ Shp2/p Oi,W )sz = -C0V2/2 ( Sh;.2/f 05, W )sz = -Co V2/2 

We thus deduce that: 

Shj.2 fp 01 = -Co\/2/2W - C^V2/2W 
Shp.2 /p 6*5 = -C^V2/2W - Co V2/2W 

• If n is even, we proceed similarly using the identities Npfp2 Cl(po) = 

Cl{XaXa+b,0-) and Np/p2 C1(pq ^) = C\{Xa,(T). 

□ 



4.3 Roots associated to the unipotent characters of Sz(g) 

We denote by ww and cjyy the roots of unity associated to W and W as in §2.1.1. 
In [7] §7.4 G. Lusztig shows that {wyy, = {Co? Col- We now make this result 
more precise. 

Theorem 4.2 The roots associated to W and W are: 





W 


W 


n odd 


Co 


C^ 


n even 


Co 


Co 



Proof — To compute the almost characters of Sz(g) we need to know the 
generalized Deligne-Lusztig characters Huj. The F-classes of W have the rep- 
resentatives 1, Wa and WaWbWa- The Suzuki group with parameter q therefore 
has three Dehgne-Lusztig characters with the degrees: 

Ei(l) = g2 + i, ij^^(i) = (g_i)(g_r + l), R^^^^^^{l) = {q-l){q + r + l). 
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These characters are explicitly computed in [10]. We recall that (see [10] Prop. 4.6.7): 

Ri = 1 + St 

R^^ = 1 - W - W - St 
Rw^w.w^ = 1 + W + W - St . 

The Weyl group W has three F-stable characters denoted by pi, p2 and pz. 
Let pi, P2 and ps be their extensions ioW y\ {F) such that: 









{WaWbWa,F) 


Pi 


1 


1 


1 




1 


-1 


-1 







-V2 


V2 



The three almost characters of Sz(g) corresponding to these extensions are (§2.1.2): 

T^Pl = Isz(g) 
TZp^ = St 

%3 = ^(W+W). 

Therefore we have: 

(%3,>V)sz = V2/2 and (%3,W)sz = V2/2. 
Moreover 6i is in the principal series of G. Using Theorem 2.1 we deduce that: 

The sign is due to the fact that Shp2 ^pdi = ± Sh.p2 jp Xp^ ■ Since wyy is either Co 
or Co and using that Co 7^ ~ Co, we can obtain the root. Indeed 

• Either \/2( Shp'2 / jr , W ) is Co or Co and in this case wyy = \/2( Shp2 /p6i,W). 

• Or \/2( Sh F2/pOi,W) is neither Co nor Co and then wyy = — \/2( Shir2 /pOi,W). 
Using 4.1 the claim is proved. 

□ 



4.4 Fourier matrices 



The unipotent characters of Sz(g) are distributed in three families J^i = {1}, 
J^2 = {St} and JTg = {W,W}. 

Proposition 4.2 The Fourier matrices Mi (i = 1,2,3^ associated to the Ti 
can he define up to a normalization by 



Ml = M2 = [1], and M3 



V2/2 V2/2 ■ 
V2/2 -V2/2 
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Proof — Theorem 4.1 shows that the irreducible components of Sh^2 jp di and 

of Shj'2 O5 are the elements of the family ^3. On the other hand we deduce 
from Theorem 4.1 that: 

If n even: i Shp2 /p 85 = -CoV2/2W + Co V2/2W 

If n is odd: i Shp^ /p 65 = Co\/2/2W - Co\^/2W. 

Using Conjecture 2.1 we can define the Fourier matrix associated to J-'s as 
claimed. 

□ 



Appendix 

Let n be a non-negative integer and write q = 2^"-+-^. The character table 
of -62(9) is given in [6] p. 93. In Table 10 we recall the conjugacy classes 
of B2(g). 

Remark 4.1 The two classes of -62(9) whose centralizers are of order 2q^ 
are Cl{xaXb) and Cl{xaXbXa+b)- Indeed suppose there exists a S Fg such that 
P{a) = 0, where P = X"^ + X -\- \. We can suppose that a ^ {0, 1} because 
and 1 are no roots of P. Moreover 1 — = (1 — a){a^ + a + 1) = because a is 
a root of P. We deduce that the order of a divides 3. Furthermore a^l, thus 
the order of a is 3. It follows that 3 divides {q — 1), that is q — 1 = mod 3 
which is false. Thus P is irreducible. 

We set ttj = 7g + 7(^* and /Si = Vq + v^^ . In Tabic 11, wc recall the irreducible 
characters that we need in this work and correct some errors of [6]. 
We recall the character table of Sz(g) wich is computed in [14] in Table 12. Here 
we set e = 2". 
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Indg„ 4> 



^2 ^g^(g-l) ^ 0(a;2a+6(M)) 

mSKX 

^31 i<J^(g-l) ^ Xa+6(u) 



2 

A32 ^ ^ </)(a;a+6(M)a:2a+6(v)) 



^41 ^g(g - 1) + ^ 0(a;6a;a+6(w)a;2a+6(w^) 

^42 I ^ (?!)(a;6a;a+6(w)) + ^ 0(a;6a;2a+6(w)) + ^ <j>{XbXa+b{u)X2a+b{v)) 
uSKX u#0,l u^^2 

^51 ^9(17-1) ^ ^(a;aa;a+6(M)a;2a+6(M)) 



^52 - ^ (^(a;aX-a + 6('u)) + ^ '/'(a:aa:2a+b (m) ) + cj>{XbXa + b(u)X2a+biv)) 



Aei ^ </)(a;aX6a;a+6(M)) + ^ 0(Xaa:6X2o+(,(M)) 
A(m)=1 A(u)=1,M7^0 

+ ^ <i(a:;aa;6a;a+6(w)a;2a+i,(v)) 
^62 ^ (f){xaXbXa+b{u)) + ^ <A(a;aa;i,a;2a+6(M)) 

A(ii) = -1 A(tt) = -1, 115^1 

+ X] </'(a;aa;6a;a+6(M)a;2a+6(i')) 

A(u+d)=-1 

Table 6: Induction formula from Uq to B 
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{Xa+b,cr) 


{XaXa+b,ff) 


Ind|0 




<j)iXaXa+b{u),a) 

\(u)=l 


^^<l}{Xa+biu),a) 


(j>{XaXa+b{u),a) 

X(u)=-1 



Table 7: Outer values of the induction formula. 





^1 


^2 


^31 


^32 


A41 


Indg„A(l,l) 


1 2/ -,x2 

4? 




il- 


-1) 


4 







^51 


^52 


^61 


^62 












<f 
4 


-^9^(5-1) 


4 


?^ 

4 


4 







(.r„.a) 




(.I'aJ-,, 




Ind|A(l,l) 


^.(5-1) 


9 
2 


9 
2 


2 



Table 8: Values of Ind^^ A(l, 1) and outer values of Ind~ A(l, 1) 
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(a;a,cr) 


{xa+b-,cr) 


(a;oa;a+6,cr) 


(7I"0, cr) 


(7I"1, cr) 


(7I"2,C^) 




4g 




4? 




2(g + 20 + l) 


2(^-20 + 1) 


1 1 


1 


1 


1 


1 


1 


1 


1 


1 













1 


-1 


-1 


Oi 1 


%-l) 


9 


-0 


-9 





1 


-1 


05 1 




-e 


-9 


9 





1 


-1 


Xtto (i) i e £'0 




1 


1 


1 










XttiO') 3^ El 


{q-l){q-29 + l) 


-1 


26*- 1 


-1 





-ei(^i) 





X^^ik) kGE2 


(g -!)(« + 20 + 1) 


-1 


-29- 1 


-1 








-4(7r2) 



Table 9: Values of the outer characters B2{q) xi (cr) on outer classes 



J. iWLQjIjIVJII 




IMninhpr 


dpntr^iliypr'^ 


order 






1 






An 




X 






^31 


T 1 I, 


1 








•i'a+fe-'-2a+0 


1 










1 






A An 




1 








"'Kill) 


-(n - 2)(n - A) 






Rn(-i) 


,r ) 




y 
















h{v\v^) 


|9(9-2) 


+ 




B^{i) 


h{T\T'i^) 




,2 + 1 




Ci(i) 




^(9-2) 




1) 


C2{l) 




^(9-2) 


9(9 - 


1) 








<7((7 + l)(<72 - 


1) 




h{v\v-^) 


h 




1) 




/l(l,7')x2„+h 








C2il) 




i(9-2) 


9(9-1) 






h{l, iy'')x2a+b 


h 


9(9 + 1) 






h{u\iy~'')xa+b 


h 


9(9 + 1) 





Table 10: Conjugacy classes of .82(9) 
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Ai 


A2 


A31 


A32 


A41 


A42 


Bi{i,j) 


B2(i) 


Bs{i,j) 


B4{i,j) 




9(g + i)V2 


g(g + i)/2 


q{q+l)/2 


q/2 


q/2 


-q/2 


2 






























1 


-1 


-1 


1 


05 


q{q-lf/2 


~q{q -l)/2 


-q{q -l)/2 


q/2 


g/2 


-9/2 











-2 


Xi{k,l) 


{q + l)\q^ + l) 


il + lf 


(9+ If 


2q + l 


1 


1 


ciikaji + auajk 











X4,(k,l) 


{q-lf{q^ + l) 


(9 -If 


(-/-If 


-(2q-l) 


1 


1 











PikPjl + PilPjk 


X6{k) 








1 


1 


1 

















B,{i) 




C2{i) 




C4{i) 




D2{i) 


^3 CO 


D4{{) 


dl 


-1 


g + i 


g + 1 








1 


1 








64 


1 


9 


? 


-q 


-g 








-1 


-1 




1 








q-l 


g-1 








-1 


-1 


Xi{k,l) 





{q + l){aik +aii) 


(g + l)aikaii 








Oik + an 


aikau 








Xtik,l) 













-iq-l)Mi 








Pik + Pii 


PikPil 




T -\- T H-r +T 



























Table 11: Character table of -62(9) 





1 


o-o 


Po 




A 




4 


ISz(g) 


1 




1 


1 


1 


1 


1 


1 


St 















1 


-1 


-1 


w 


%-l) 




-6 









1 


-1 


w 


%-l) 




-6 









1 


-1 




g^ + l 




1 


1 


1 












(g-2^ + l)(g- 


1) 


26*- 1 


-1 


-1 










Zk 


(g + 2e + l)(g- 


1) 


-26- 1 


-1 


-1 











Table 12: Character table of Sz(g) 



